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The Hamiltonian formalism is extremely elegant and convenient to mechanics problems. However, 
its application to the classical field theories is a difficult task. In fact, you can set one to one 
correspondence between the Lagrangian and Hamiltonian in the case of hyperregular Lagrangian. 
It is impossible to do the same in gauge-invariant field theories. In the case of irregular Lagrangian 
the Dirac Hamiltonian formalism with constraints is usually used, and this leads to a number of 
certain difficulties. The paper proposes a reformulation of the problem to the case of a field without 
sources. This allows to use a symplectic Hamiltonian formalism. The proposed formalism will be 
used by the authors in the future to justify the methods of vector bundles (Hamiltonian bundles) in 
transformation optics. 
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I. INTRODUCTION 

The Hamiltonian formalism [l| is well known and 
widely used in geometrical optics. As a Hamiltonian the 
Hamiltonian of material particle is used. 

In the case of wave optics there is a number of diffi¬ 
culties in the construction of the Hamiltonian formalism. 
Since the Lagrangian of the electromagnetic field is not 
regular, then the construction of a symplectic Hamilto¬ 
nian formalism is not possible. The Dirac formalism with 
constraints is commonly used to gauge theories. 

However, if we restrict ourselves to systems without 
sources, it is possible to build a standard symplectic 
Hamiltonian formalism. 

This article demonstrates the impossibility of con¬ 
structing symplectic Hamiltonian for the general case 
of the electromagnetic field. In the case of the source¬ 
less field the general method for constructing symplectic 
Hamiltonian and the example of such constructing are 
presented. 
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II. NOTATIONS AND CONVENTIONS 

1. We will use the notation of abstract indices [3|. In 
this notation tensor as a complete object is denoted 
merely by an index (e.g., cc* * * § ). Its components are 
designated by underlined indices (e.g., x-). 


2. We will adhere to the following agreements . Greek 
indices {a, j3) will refer to the four-dimensional 
space, in component form it looks like: a = 0, 3. 
Latin indices from the middle of the alphabet (i, j, 
k) will refer to the three-dimensional space, in the 
component form it looks like: i = 1,3. 


3. The comma in the index denotes a partial deriva¬ 
tive with respect to corresponding coordinate 
if,i •= 9if); semicolon denotes a covariant deriva¬ 
tive {f-i := Vj/). 

4. The CGS symmetrical system Q is used for nota¬ 
tion of the equations of electrodynamics. 


III. MAXWELL’S EQUATIONS 

Maxwell’s equations will be written both via field vari¬ 
ables, and in the gauge-invariant form (in the formalism 
of bundles) Ml- 
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A. Maxwell’s equations via field variables 

We write Maxwell’s equations via the field variables in 
the tensor formalism in holonomic basis: 


/ 0 -D^ -D^ 
0 -Hs 
Hs 0 
\D^ -H 2 Hi 



ViD^ = 47rp, 

eb-fcv.iJfe - UtD^ = —f, 

c c 

= 0 , 

^ + -^dtB, = 0. 


( 1 ) 


Here is the Levi-Civita tensor (alternating ten¬ 
sor (0- 

Field functions E and B can be represented via field 
potentials (p and A\ 


Here Ei, Hi are components of electric and magnetic 
fields intensity vectors; D-, B- are components of vectors 
of electric and magnetic induction. 

Let’s write the Maxwell equations with the help of elec¬ 
tromagnetic field tensors and Gap 0,[ni: 

^aFpj + WpFja + ^~fFaP = F[ap-j] = 0, (4) 

(5) 


C. The Lagrangian of the electromagnetic field 


B — rot A, E = —Vtf - dtA^ 

c 

or in the index notation: 

B^ = {roiAy =E^^dkAu 

El = -dip - dogijAG 

B. Maxwell’s equations in the formalism of bundles 


Let’s construct the Lagrangian C explicitly. 

The equation (|3]) represents the second Bianchi iden¬ 
tity, that is performed by the construction of (| 31 ). To 
construct the Lagrangian we only need to use the equa¬ 
tions ([5]). 

Then the Lagrangian has the form: 

c = -^FapG<^^ - -3aA<^. 

lOTT C 

The form of Euler-Lagrange equation: 


We introduce the tensor of the electromagnetic field as 
a curvature on the tangent bundle: 



5C 


= 0 . 


( 6 ) 


FaP ■= daAp — dpAa, (3) 

where the connection A°‘ means the 4-vector potential 
= {<p,A). 

We write the tensor m by components taking into 
account relation ([2]): 

Foi = doAi_ - diAo = -OqA- - diA° = Ei, 

Ejk — di_A^ df^Aj^ — S jhi B-. 

Similarly, we introduce the Minkowski’s tensor (dis¬ 
placement tensor) G“^ := {S°‘^ is the 

polarization-magnetization tensor) . 

Thereby the tensors Fap and G“^ have the following 
components 


FaP = 


/ 

0 

El 

E 2 

E 3 


-El 

0 

-B^ 

B^ 


-E 2 

B^ 

0 

-B 

V 

-E 3 

-52 

B^ 

0 


^ijk — 
^afS'yS _ 1 


ijk 
^a/S'yS 




D. The problem of constructing the Hamiltonian of 
the electromagnetic field 

The Hamiltonian (Hamiltonian density) is constructed 
by Lagrangian with the help of Legendre transformations: 

n := - £, (7) 

where Pa is momentum density, C is Lagrangian. 

Because in Hamiltonian formalism all the equations are 
constructed with generalized coordinates and momenta, 
in order to write down the Hamiltonian density ([7]) and 
the corresponding Hamilton equations we need to express 
the generalized momentum through velocities in 
the ©: 


J 

1 . 6n 

This requires that the determinant of the Hessian ma¬ 
trix is nonzero: 


1 


detH(£) 7 ^ 0, 
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where the elements of the Hessian matrix are: 

^ ^ ^ — dAsLdAt 
d'^C 

But Foo = 0 and {H(£)}oo = -:- = 0. Therefore, 

uu L V yjuu ’ 

detH(£) = 0. That means that the Lagrangian is ir¬ 
regular, and the construction of symplectic Hamiltonian 
formalism in such a manner is impossible. 


IV. BUILDING A SYMPLECTIC 
HA MIL TONIAN 

It turns out that in the absence of sources {ja = 0) we 
can construct a symplectic Hamiltonian formalism mak¬ 
ing the desired change of variables. As one of the meth¬ 
ods, the method of doubling variables is considered. This 
method is applicable when the system contains only gen¬ 
eralized variables, and generalized momenta are absent. 


A. Doubling of variables method 


Consider the system of s equations: 

= n = ^. (8) 

We define the space with the following coordinates: 

n = '^, a='^. 


We introduce in this space the Poisson bracket: 








0 I 
-I 0 


a,b,c = 0, 2s. 


The Hamiltonian is defined as follows: 

n{q'^,Pn,x\t) = Pnf-i.q'" ,q%x\t). 


(9) 


Then the first group of the Hamilton equations will be 
the same as the original system ([5]) , and the second group 
will be as follows: 

. _ 6n _ 5f^ 

P^-~Sq^~~^^Sq^- 


equations © in the form: 

' dtB, =E\ 
dtD^ = 

= 0 , 

^ = 0 . 

It can be seen that the second pair of equations violates 
the condition of method applicability. However, we can 
show that in the absence of sources these equations are 
linearly dependent on the rest of the Maxwell equations. 
Let’s write hrst and second equations in component form: 

—p [£"3,2 — A'2,3] =- dtB^, 

y/g c 

—p [^^ 1,3 “ A'3,1] = — dtB^, ( 10 ) 

y/g c 

—p [^^2,1 — A'1,2] = — dtB^. 
y/g C 

—p [H 3,2 — 1^2,3] = -dtD^, 
y/g C 

—p [ 1 ^ 1,3 — 1 ^ 3 .1] = -dtD'^, ( 11 ) 

y/g C 

—p [^^ 2,1 — F1.2] = -dtD^. 
y/g c 

The following two equations are written in the same 
way: 

= T [a + 4 pgB'‘) + a = 0 , 

y/g 

( 12 ) 


= T (Vs^i) + 82 i^D^) + 93 (VgD^)] = o. 
y/g 

(13) 

Differentiating both sides of equations m and (ED 
we get (assuming that g is time independent): 

£3,21 — £2,31 = [^/gB^) , 

Fi ,32 — £3,12 = --8182 {^B^) , (14) 

£2,13 ~ £'1,23 = — — 8 td 3 (y/gB^) . 


B. The applicability of the method of doubling the 
variables for the Maxwell equations 

Let’s establish that Maxwell’s equations without 
sources satisfy the condition of applicability of the dou¬ 
bling of variables method. To do this, we rewrite the 


H3^21 — H2,31 = (y/gP/^) ) 

Hi^32 — H 312 = - 8 t 82 [^/gD^) , (15) 

442,13 — 44i,23 = -dt83 [y/gD^) . 
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Adding the equations (IHl) and (TTSl) term by term we 
obtain (fl^ and (fT51) respectively. 

Thus, the system of Maxwell’s equations is trans¬ 
formed into the following reduced system which satisfies 
the condition of method: 


dtB, = 

dtD^ = ce^^^VjHk. 


The corresponding system of Hamiltonian equations 
has the following form: 


< Pn = 


xnj 

•n _ ^ _ fn 

y c J 
OPn 

sn _ _ 

gqn gqu 


— Pm' 


dq„ 


.dr _ _ df 

' Pmdi . —Pmd 


dq” 


d€ 


C. Example of the Hamiltonian 

We define the constitutive equations: 


To write out the explicit form of the momenta in gen¬ 
eral is not possible. 

V. CONCLUSION 


We rewrite (HU) as follows (assuming that the metric 
is time independent): 

dtW = 

We choose the generalized coordinates in the form: 

q^ = , n = T;6. 

The System (|5]) takes the following form: 


^ (17) 

We write the Hamiltonian based on the (0 and (fT71) : 


In geometrical optics the concept of the ideal in¬ 
strument was formulated over a hundred years ago. 
Based on this concept, in particular, such focusing (two- 
dimensional or three-dimensional) objects, as a Luneb- 
urg lens, a Maxwell’s fisheye and others were constructed. 
Prediction and the invention of lasers have given for re¬ 
searchers the concept of distribution and transformation 
of electromagnetic fields satisfying the Maxwell’s equa¬ 
tions. In the last 10-20 years, the laws of transformation 
of three-dimensional vector fields were studied in different 
papers dedicated to transformational optics. However, 
the concept of an ideal instrument in these studies re¬ 
mains taken from geometrical optics. The authors of this 
paper intend to strictly formulate the concept of the ideal 
transformation optics device in Maxwell’s optics, that 
implements fundamental solutions (propagators, Green’s 
function) of Maxwell’s equations. The results represented 
are the first step towards solving this problem. 

In this paper a formal method of obtaining symplectic 
Hamiltonian formalism for Maxwell’s equations without 
sources was constructed. The authors also hope that rep¬ 
resented examples sufficiently clarify the application of 
the proposed method. 


n{q'^,Pn,x\t) 


= pr-(q\q:i,^\t) = 
— qk+3 J P i+S ^jP 
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CHMnjieKTHHecKHH raMHJibTOHHan MaKCBejiJiOBCKoii orthkh 


C. KyjiH6oB,^’^’0 A. B. KopojibKOBa,^’[i] and JI. A. CeBacTBaHOB^’^’d 
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OOneduHCHHUU UHcmumym Adepnux uccAedoeanuu, 
yA. TKoAuo-Kmpu 6, ffyOna, MocKoecKUA oOAacmt,, Poccua, 14198^ 

FaMHjibTOHOB (J)opMajiH 3 M opeflCTaBjiaeTca KpaiiHe sjieraHTHbiM h yflodnbiM b aa^anax MexanHKH. 
OflHaKO ero npHinenenHe k KjiaccHnecKHM nojieBbiM Teopnain npeflCTaBjiaeTca floCTaTonno TpyflHoii 
saflaMefi. /^eilcTBHTejibHO, mojkho ycTanoBHTb o/i,H 03 HaMHoe cooTBeTCTBne MSACfly raMHjibTOHHanoM 
H jiarpaHJKHaHOM b cjiyMae rnnepperyjiapHoro jiarpaHJKHana, mto ne BbinojinaecH b KajiH 6 poBO’ 3 HO- 
HHBapHaHTHbix TeopHHx nojia. B cjiyaae HeperyjiapHoro jiarpaHJKHana npaMenaeTca oSbiano ra- 
MHjibTOHOB 4 >opMajiH 3 M CO CBasaMH, HcnojibsOBaHHe KOToporo CBaaaHO c onpeflejieHHbiMH TpyflHO- 
CTaMH. B CTaTbe npefljiaraeTca nepecjsopMyjiHpoBKa sa^nana fljia cjiyaaa nojieii 6 e 3 HCToannKOB, mto 
nosBOjiaeT HcnojibaoBaTb CHMnjieKXHMecKHH raMHjibTOHOB 4 >opMajiH 3 M. IIpeflnojiaraeMbiii cJjopMa- 
JIH 3 M 6 yfleT Hcnojib 30 BaH aBTopaMH b flajibHeiimeM fljia odocHOBanHa mbtoaob BeKTopnbix (raMHjib- 
TOHOBblx) paCCJIOeHHH B TpaHCtJjOpMapHOHHOH OOTHKe. 

Keywords: ypaBHeHHa MaKCBejijia; KpHBOjiHHefiHBie KOop^HnaTBi; CHMnjieKTHaecKoe MHorodpaane; raMHjiB- 
TOHOB 4 )opMajin 3 M; y/i,BoeHHe nepeMeHHbix 


I. BBEflEHHE 

B reoMeTpHMecKoii onTHKe nsBecxen h ninpoKO npHMe- 
HHexcH raMHjiBTOHOB 4)opMajiH3M [l| . B KanecTBe raMHjib- 
TOHHana HcnojiBsyeTca raMHjiBTOHHan MaTepnajiBHofi na- 
CTHpbl. 

B cjiynae jko bojihoboh obthkh BOSHHKaeT pa^ Tpy^no- 
CTeli npn nocTpoennH raMHjiBTOHOBa 4)opMajiH3Ma. IIo- 
CKOJiBKy jiarpanjKHan ajieKTpoMarnHTHoro nojia ne hbjis- 
excH peryjiapHBiM, to nocTpoenne CHMnjieKTHMecKoro ra- 
MHjiBTOHOBoro 4)opMajiH3Ma He npe;i,CTaBjiHeTCH bosmojk- 
HbiM. fljia KajindpoBOHHbix Teopnii oGbihho npHMenaiOT 
flHpaKOBCKHit 4)OpMajIH3M CO CBasaMH. 

OflHaKO, ecjiH orpaHHHHTbca paccMOTpenneM tojibko 
CHCTCM 6e3 HCTOHHHKOB, TO BOSMOHCHO HOCTpOCHHe CTHH- 
flapTHoro CHMHjieKTHaecKoro raMHjiBTOHOBoro (JjopMa- 
JIHSMa. 

B flaHHOii CTaTbe ;i,eMOHCTpHpyeTCH neBOSMOJKHOCTb 

HOCTpoeHHH CHMHjieKTHaecKoro raMHjibTOHHaHa fljia o6- 
Hi,ero cjiyaaa ajieKTpoMarHHTHoro nojia. ^Jia cjiyaaa no- 
Jia 6e3 HCTOHHHKOB CTpOHTCa o6hI;HH MCTOfl HOCTpoeHHH 
CHMHjieKTHHecKoro raMHjibTOHHana h npHBOflHTca npn- 
Mep peajiHsapHH TaKoro nocTpoeHHa. 
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II. OBOBHAHEHHB H COrJIALIIEHHil 

1. ByfleM HCHOJibsOBaTb HOxapHio adcTpaKTHbix hh- 
F,eKCOB B flaHHOH HOxapHn Tensop KaK pejiocT- 
HbiH odT-eKT odosHanaeTCH npocTO hhackcom (na- 
npHMep, X®), KOMHOHeHTbi o6o3HaHaiOTCH no^HepK- 
HyTblM HHfleKCOM (HanpHMcp, X -). 

2. ByfleM npaFiepacHBaTbca cjieFyiOHi,Hx corjiameHHH. 
rpenecKHe HH^^eKCbi {a, j3) dy^yx othochtbch k ae- 
TbipexMepHOMy npocTpancTBy h b komhohchthom 

BHF,e dy^yx HMeib cjieFiyiontHe aHaaenHa: a = 0, 3. 

JlaxHHCKHe HHF,eKCbi H3 cepeflHHbi aji(|3aBHTa ( i , j , 
k ) dyFiyx othochtbch k xpexMepnoMy npocTpan- 
CTBy H B komhohchthom BHF,e dyFiyT hmctb cjieF,y- 
lontHe 3HaaeHHH: i = 1,3. 

3. SanHTOH b HH^CKce odosHaaaeTca aacTnaa npoHS- 
BOflHaa HO cooTBCTCTByiOHteH KOopflHHaxe (/y := 
9i/); ToaKoii c sanaTofi — KOBapnaHTHaa npona- 

BOflHaa (/;j := Vi/). 

4. P,Jia sanHCH ypaBHCHHii sjieKxpoflHHaMHKH b pado- 
xe HCHOjibsyexcH CHCxcMa CFC CHMMexpHaHaa Q. 


III. yPABHEHHB MAKCBEJIJIA 

ByflCM sanHCbiBaTb ypaBHenna MaKCBCJijia KaK ae- 
pe3 HOJiCBbie nepeMCHHbie, TaK h b KajindpoBoano- 
HHBapHaHTHOM BHF,e (b cj3opMajiH3Me paccjioeHHii) M- 
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A. ypaBHeHHH MaKCBejiJia nepea nojieBBie 
nepeMeHHBie 


ypaBHeHHH MaKCBejijia nepea nojieBBie nepeMeHHBie b 
TenaopHOM (|)opMajiHaMe b bojidhomhom Gaance: 


= Attp, 

giJfcv.TJfe - -dtD^ = —j\ 
c c 

= 0 , 

^ + -^dtB, = 0. 


( 1 ) 


3^ecB eijk — Tenaop JIbbe-Hhehtbi (ajiBTepHHpyio- 
mHii Tenaop Jj. 

IIojieBBie cjiyHKpHH E n B mojkho npe^cxaBHTB nepea 
HOxenpHajiBi hojih ip m A: 


/ 0 -D^ -D^ 
0 -Hs 
Hs 0 
\D^ -H2 Hi 



SflecB Ei, Hi — KOMHoneHTBi BexxopoB HanpHJKeHHOCXH 
sjieKxpHHecKoro h MarHHTHoro nojieii cooTBeTCTBenHo; 
D-, B- — KOMnoneHTbi BexxopoB sjieKxpHHecKoii h mbx- 
HHXHOH MHJTyKTTMM COOXBeXCXBeHHO. 

SanHincM ypaBHCHHe MaKCBejijia nepea xensopBi sjieK- 
xpoMaxHHXHoro nojiH h Gol0 [11I413| : 


^a^j3-y F ^^F^ck F ^-jFq^^ — -^[a/3;7] — O 5 





( 4 ) 

( 5 ) 


C. JIarpaH:»<HaH sjieKTpoMarHHTHoro nojiH 


B = rotA^ E = —'Vip - dtA^ 

c 

HJIH B HH7I,eKCHOH HOXapHH: 

= (lotiy = E'^^dkAi, 

\ = -dip - dogijAE 


( 2 ) 


B. ypaBHeHHH MaKCBejiJia b (JjopMajiHSMe 
paccjioeHHii 

BBe;i,eM xenaop ajieKxpoMaxHHXHoro hojih khk KpHBna- 
Hy Ha KacaxejiBHOM paccjioenHH: 


IIocxpoHM jiarpaHJKHan (jiarpaHJKeny hjiothocxb) C b 
HBHOM BHfle. 

YpaBHCHHe (|4l) npe;i,CTaBjiHeT co6oh flH4)4>epeHLi,HajiB- 
Hoe xojKflecTBO Bbhhkh, to ecxB BBinojiHuexcH b CHjiy 
HOCxpoeHHH (|3]). HOCxpoeHHH jiarpaHJKHana ^ocxa- 

xoHHO HCHOjiBaoBaxB TOjiBKO rpyHHy ypaBHeHHH ([5|). 
Tor^a jiarpaHiKHan 6y;i,eT hmotb bh^: 

C = 

lOTT C 

ypaBHeHHH 3Hjiepa-JlarpaHHca hmciox bh/i,: 


V/3 


5C 


SC 

SA°‘ 


= 0 . 


( 6 ) 


Fap '■= daAp — dpAa, (3) 

r^e CBnanocTB HMeex cmbicji 4-BeKxopa noxenpHajia 

A°‘ = {p,A). 

PacHHHieM xenaop Q no KOMnoneHxaM c ynexoM 

F^i = doA,_ - d^Ao = -doA- - diA° = Ei, 

Ejk — di_Ai^ d^Aj^ — S jki B-. 


D. npo 6 jieMa nocxpoeHHH raMHJiBTOHHaHa 
ajieKTpoMarHHTHoro nojia 

raMHjiBxoHHan (raMHjiBxonoBa njioxnocxB) cxponxcH 
nepea jiarpansKnan c noMomnio npeo6paaoBaHHH JTe- 
jKanflpa: 

n := - c, (7) 


Ananomnno BBe^eM xenaop xenaop Mhhkobckoxo 
( xenaop CMemennit) G“^ := — 47r5'“^ {5°^^ ecxB xen- 

aop nojinpHaapHn-HaMamnnenna:) 

TaKHM o6paaoM xenaopni 77/3 h G“^ hmoiox cjie^io- 
mne KOMnonenTBi 


/ 0 El E 2 E 3 \ 

-El 0 -B^ B^ 

-E 2 B^ 0 -B^ ’ 

\-E:i 0 / 


r^e Pa — njiOTHOCXB HMnyjiBca, C — jiarpaniKnan. 

Tan KaK b raMHjiBxonoBOM (JiopMajiHaMe Bce ypasne- 
HHH cxpoHTca nepea o6o6iii;eHHBie KOopflnnaxBi n HMnyjin- 
CBI, TO B m xpe6yexca BBipaanxB o6o6meHHBiH HMnyjiBC 
p“ nepea CKopocxn A“, nTo6Bi BBinncaxB raMHjiBxono- 
By njiOTHOCXB © H cooxBexcxByioipHe efi ypaBnenna Fa- 
MHjiBxona: 

sn 

Spa ’ 

sn 

SA^' 



eijk = \/^£ijk, = 

V’^5 

1 ^a0'y5 


/-‘*9 


Ilpn 3T0M Tpe6yeTCH, nTo6Bi ;],exepMHHaHx MaxpnpBi 
Fecce (reccnan) 6 biji oxjinnen ox nyjin: 

detH(£) 7 ^ 0 , 
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r^e ajieMeHTbi MaTpHi^bi Fecce: 

{Tl{C)}c.p = 

^ ^ ^ — dAsLdA^ 

92 £ 

Ho Fqo = 0 h {H(£)}oo = -:- = 0. Cjie;i,OBaTejibHO, 

detH(£) = 0. To ecTb jiarpaHJKHan HeperyjiapHbm, h 
nocTpoenne CHMnjieKTHnecKoro raMHjibTOHOBoro (|)opMa- 
jiHSMa B flaHHOM cjiynae hobosmojkho. 

IV. nOCTPOEHHE CHMnJIEKTHHECKOFO 
FAMHJIbTOHHAHA 

OKasBiBacTCH, HTO B cjiynae OTcyTCTBHH hctohhhkob 
(ja = 0) MOJKHO nOCTpOHTB CHMnjieKTHHeCKHH PaMHJIBTO- 
HOB 4)opMajiH3M, npoH3Be.nH HeodxoflHMyK) 3aMeHy nepe- 
MeHHbix. B KanecTBe o^noro h 3 MeTo;i,OB paccMOTpHM mb- 
TO^ y^HBoenna: nepcMeHHbix Bm. /laHHBiii MOTO^i, npH- 
MBKHM B cjiynae, Kor;i,a CHCieMa co.nep>KHT jinnib 0606- 
meHHbie nepeMBHHBie, a o6o6iii,eHHbie HMnyjibcti OTcyT- 
CTByroT. 


yflBoeHHH nepeMeHHBix. ^jih 3Toro nepenHineM ypasne- 
HHH (HD B cjie/iyioin,eM 

' 9*5, =-cey■feV^£;^ 
dtD^ = 

V*5, =0, 

^ = 0 . 

Bh.Hho, hto BTopaa napa ypaBnenHii napyinaeT ycjio- 
BHe npHMeHHMOCTH MBTO^a. OflHaKO, MOJKHO noKa3aTB, 

HTO B cjiynae OTcyTCTBHH hctohhhkob sth ypaBHenna 
jiHHefiHO 3 aBHCHT OT ocTajiBHBix ypaBHeHHH MaKCBejijia. 
^jia 3 Toro 3 anHineM nepBoe h BTopoe ypaBHeHHH b kom- 
HOHeHTHOM BH^e: 

['£'3,2 — 52.3] =- dtB^, 

y/g c 

—p [£'1,3 ~ £'3,i] = — dtB^, (10) 

y/g c 

—p [£^2,1 — £'1,2] = — dtB^. 
y/g c 


A. MeTOfl yflBoeHHH nepeMeHHBix 


PaccMOTpHM CHCTeMy s ypaBHeHHii. 

<?-= /-(«”, 9”, n = M. (8) 

3a^a/i,HM npocxpancTBO co cjie/iyioiii,HMH KOop/i,H- 
HaxaMH: 

reR"'*; n = '^, a='^. 


BBe,neM B 3TOM npocTpancTBe CKodKy Hyaccona: 




8 ^ 2 . 




n 2 ^ = 


0 I 
-I 0 


a,b,c = 0, 2 s. 


-Fn [^3.2 - 

Vg 

^ ['f£l,3 - 

Vg 

^ [^2,1 - 

Vg 


52.3] = -dtD\ 
c 

53.1] = -9*52, 

c 

51.2] = -dtD\ 

c 


( 11 ) 


H BxopBie 7i,Ba ypaBHeHHH pacHHmeM anajiorHHHBiM o6- 
pa30M: 


= 2 - [3, (^B') + a, (^bS)] = 0 , 

y/g 

( 12 ) 


A raMHjiBTOHHan onpe,zi,ejiHM cjie,ii,yiOHi;HM o6pa30M: 

niq'^,Pn,x\t) =pnf-{q^,qpx\t). (9) 

Tor,ii,a nepBaa rpynna ypaBHeHHii FaMHaBTona 6yfleT 
coBnaflaTB c hcxo,zi,hoh CHCTeMoit (|5]), a BTopaa rpynna 
dyflCT HMeTB cae^yiomHH bh^: 

. _ 5% _ Sf^ 

B. CooTBeTCTBHe MeTOfly 

VcTaHOBHM, HTO ypaBHeHHH MaKCBeaaa 6e3 hctoh- 
hhkob yflOBaeTBopaiOT ycaoBHio npHMeHHMOCTH Mexo^a 


1 

7^ 


(y/gD^) = 



[9i i^D^) + 92 (v^52) + 93 iV^D^)] = 0. 

(13) 


,HH4)(|)epeHLi,HpyH o6e nacxH ypaBHeHHii TO H (HID HO- 
ayaaeM (cHHTaa, axo g ne saBHCHx ox BpeMenn): 

£3,21 — £2,31 = —-9t9i [^/gB^) , 

5i,32 — £ 3,12 = --9*92 (y^5^) , (14) 

£2,13 ~ 5i,23 = ——dtda {y/gB^) . 
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^^3,21 — i^2,31 = “^*^1 ) 

^^1,32 — ^^3,12 = -9(92 {y/gD^) > 
^^243 — ^^1,23 = -9(93 (y/gD^) ■ 


(15) 


CKjiaflbiBaa: noHjienHO (HI H (USD nojiynaeM dED H dn 

COOTBeXCTBeHHO. 

Trkhm o6pa30M, CHCxeMa ypaBHenHii MaKCBCJijia nepe- 
xo;],HT B cjie/iyiomyio pe/iyii,HpoBaHHyio CHCxeMy, yjjpBjie- 
TBOpHIOmyiO yCJIOBHK) MCTO^a: 


dtB, = -ce,jky^E\ 
dtD^ = cE^’^VjHk. 


(16) 


C. IlpHMep peajiHsauiHH raMHJitTOHHaHa 


3a4,a4HM MaTepHajibHbie ypaBHCHHa: 

= e; (x'^ )E^ , B* = {x^)W. 

IlepenHmeM (1161) b cjieflyiomeM BH^e (cHHTaa, hto mbt- 
pHKa He saBHCHT hbhbim o6pa30M ot BpeMenn): 

9(£;*=c(£-i)i^e'^'=Bfe,„ 

Bbi6epeM o6o6Hi,eHHbie Koop^HHaTBi b BH 4,e: 

= {E^,E^,E^,H^,H^,H^)^ , n = l^e. 
CncTeMa ([5D npHoGpexaeT bh^: 

9" = /V, 9”, x\ t) = , 


SanHmeM raMHjiBTOHHan na ocHoee dSD H (HZD: 


(17) 


CooTBCTCTByiomaii CHCxeMa ypaBHenHH FaMHjiBxoHa 
HMeex BH/i,: 


< Pn = 


Knj 

•n _ ^ ^ _ rn 

y r */ ’ 
^Pn 


sn 

gqu gqTi 


Qj:m Qfm Qj 

= -Pm^ -h Pmdi^:— = Pmd-, 


dq-n 


dq” 


dq'l' 


BbinHcaTB HBHBiH BHfl HMHyjibcOB B o6n],eM cjiynae ne 
npe^CTaBjiaeTCH bosmojkhbim. 

V. SAKJIKDHEHHE 


B reoMeTpHHecKOH onTHKe 6ojiee CTa jieT nasa^, 6bijia 
c4)opMyjiHpoBaHa KonpenpHH HfleajiBHoro npH6opa. Ha 
ocHOBe STOii KonpenpHH 6 bijih nocTpocHbi, b nacTHOCTH, 
TaKHe cjDOKycHpyion];He (^ByMepnbie hjih TpexMepnbie) 
oGbeKTbi, KaK jiHHsa JlioHeGepra, «pbi6HH rjia3» Maxc- 
Bejijia H flpyrne. Hpe^CKaaaHHe h H3o6peTeHHe jiaaepoB 
BBejiH B o6hxo4 HCCJieflOBaTejieft pacnpocTpaneHne h npe- 
o6pa30BaHHe sjieKTpoMarHHTHbix nojieli, yflOBjieTBopjno- 
m,Hx ypaBHeHHHM MaKCBejijia. SaKOHbi TpaHCc|)opMaLi,HH 
TaKHx TpexMepHbix BCKTopHbix nojieli b nocjieflHne 10-20 
jieT H3yHaiOTCH b pa6oTax, nocBHmeHHbix Tax naabiBae- 
MOii TpaHC(]3OpMai3,H0HH0H OHTHKe. KoHpenpHH JKe H4,e- 
ajibHoro npH6opa b 3 thx pa6oTax ocTaeTCH aanMCTBOBan- 
Holi H3 reoMeTpHHecKOH ohthkh. Abtopbi flanHofi pa6o- 
Tbi HaMepcHbi CTporo cc|)opMyjiHpoBaTb KonpenpHio H^e- 
ajibHoro TpaHCc|)opMaLi,HOHHoro npaGopa b MaKCBejijiOB- 
CKOH OHTHKe, peajiH3yiOHi,ero cjjyH^aMeHTajiBHbie penie- 
HHH (nponaraTopbi, cjjyHKpHH FpHHa) cncTeMbi ypaene- 
HHii MaKCBejijia. HpeflcxaBjieHHbie peayjibTaTbi cjiyjKax 
nepBOH CTyneHbK) na nyxH pemeHHH ^aHHOH 3a4,aHH. 

B paGoxe nocTpoen (|)0pMajibHbiH MeTOfl nojiyHenHH 

CHMHJieKTHHeCKOrO raMHJIbTOHOBOrO (|)OpMajIH3Ma 4,JIH 
ypaBHeHHH MaKCBejijia 6e3 hctohhhkob. Abtopbi xaKJKe 
Ha^eiOTCH, HTO npHBefleHHbiH npHMep b floCTaTOHHoii Me- 
pe HOHCHHeT npHMeneHHe npefljioJKenHoro MeT04,a. 


BJIAEOflAPHOCTH 


' H { q '^, Pn , x \ t ) = pnf ^ q '", ql ' i , x \ t ) = 

, , Pa6oTa nacTHHHO no^flepjKana rpanTaMH POOH 

= p^c(£:“^)7^=e^gfe+3j - pi+3c{p-^)j^=e!:i^qkj. 13-01-00595, 14-01-00628 h 15-07-08795. 

-y/^g ’■ -y/^g 


[1] Luneburg R. K. Mathematical Theory of Optics. — Berke¬ 
ley & Los Angeles : University of California Press, 
1964. — P. 448. 

[2] Lfenpoys P., PHHfljiep B. CnnHopti n npocTpancTBO- 
npeMH. /Ina-cnnHopHoe HCHHCjieHHe n pejiHTHBHCTCKire 

nojiH. — M. : Map, 1987. — T. 1. — 528 c. 

[3] CnByxHH /I. B. O MejKflyHapoflHoit cncxeMe OnsBae- 


CKHx BejiHnHH // YcnexH OHsnnecKHx HayK, — 1979.— 
T. 129, (M® 10. — C. 335-338. — URL: http://ufn.ru/ru/ 
articles/1979/10/h/. 

[4] Kulyabov D. S., Korolkova A. V., Korolkov V. 1. 
Maxwell’s Equations in Arbitrary Coordinate System // 
Bulletin of Peoples’ Friendship University of Russia. Se¬ 
ries “Mathematics. Information Sciences. Physics”. — 















5 


2012. — no. 1. — P. 96-106. — arXiv : 1211.6590. 

[5] Korol’kova A. V., Kulyabov D. S., Sevast’yanov L. A. 

Tensor computations in computer algebra systems // 
Programming and Computer Software, — 2013. — 

Vol. 39, no. 3. — P. 135-142. 

[6] Kulyabov D. S. Geometrization of Electromagnetic 
Waves // Mathematical Modeling and Computational 
Physics. — Dubna : JINR, 2013. — P. 120. — URL: 
http://mmcp2013. jinr.ru. 

[7] KyjiaboB /l^. C., KopojiuKOBa A. B. YpaBHennH Mukc- 
Bejijia B npoHBBOjiBHOH CHCTCMe KOopflnnaT / / Becr- 
HHK TBepcKOro rocyflapcTBennoro ynKBepcHTera. Cepna: 
ripHKjiaflHaa MareMaTHKa. — 2013. — IV® 1 (28). — C. 29- 
44. 

[8] KyjiaboB /!,. C., HeMuanuHOBa H. A. ypaBneuna MaKC- 
BejIJia B KpHBOJIHHeHHbIX KOOpflHHaTaX / / BeCTHHK 

Py/IH. Cepua «MaTeMaTHKa. HntjropMaTHKa. Ohbh- 
Ka». - 2011. - IVs 2. - C. 172-179. 

[9] Sevastianov L. A., Kulyabov D. S. The system of Hamil¬ 


ton equations for normal waves of the electromagnetic 
field in a stratified anisotropic medium // The 12th small 
triangle meeting of theoretical physics. — Stakcln : Insti¬ 
tute of experimental physics. Slovak academy of sciences, 
2010. — P. 82-86. 

[10] /l^jKeKCOH KjiaccHuecKaa ojieKTpoflHnaMHKa. — 

1965. - C. 702. 

[11] Minkowski H. Die Grundlagen fiir die electromagneti- 
schen Vorgange in bewegten Korpern // Nachrichten 
von der Gesellschaft der Wissenschaften zu Gottingen, 
Mathematisch-Physikalische Klasse. — 1908. — H. 68. — 
S. 53-111. 

[12] GrpsTTOH JX. A. Teopna 3jieKTpoMarHeTH3Ma. — M.-JI.: 
PHTTJl, 1948. 

[13] TepjiepKHil 51. H., Pbi6aKOB K). H. DjieKTpoflnnaMHKa. — 
2-e, nepepab. nsfl. — M. : Bbicmaa mnojia, 1990. — 352 c. 

[14] HaBjieHKO K). P. JleKpnn no TeopeTHuecKon niexannKe. — 
OHSMATJIHT, 2002. - G. 392. - ISBN: 5-9221-0241-9 

[15] HaBjienKO K). P. Saflaun no TeopeTnuecKon luexannKe. — 
OH3MATJ1HT, 2003. - C. 536. - ISBN: 5-9221-0302-4 


